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Motivation

Coaction Principle

There exists a coaction A which allows Feynman integrals to be decomposed into
pairs of simpler integrals. (Brown, 2017)

A(J) = Z Jz'(l) ® Jz‘(z)
Feynman integral S/ i R 7

Simpler integrals

Diagrammatic Coaction

Realised in terms of operations on Feynman graphs. (Abreu et al., 2017)

€9 2
1
A €3 = 4.
€1 3
Feynman graph Pinched graph Cut graph
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Multiple Polylogarithms (MPLs)

Iterated integral representation of MPLs:

dt
t—a1

z
G(ai,az,...,an;2) :/
0

G(ag,...,an;t).

In the special case where all a; are equal to zero,

—

1
G(On; 2) = 1 log"(2).

Examples:

G(O, Z) =log z, G(a; z) = log (1 — 2) ,

—

G(an;2) = %log” <1 — 2) , G(0p—_1,a;2) = —Li, (2) )
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The Coaction on Multiple Polylogarithms

Let A be the Q-vector space spanned by all MPLs.
There exists a coaction Aypr, : A — A® A/ (it A), which is

1. A homomorphism:
Anpr(a - b) = Anpr(a) - Avpr(b)

2. Coassociative: (Anpr, ® id) Anpr, = (id ® Anpr,) Anpr

For the classical polylogarithms,
n—1

AMPL (Lln(z)) =1® Lin(Z) + Z % Lin,k(z) &K logk(z)
k=0 """

Example:  Appr, (Lig(2)) = 1 ® Lis(z) — log(1 — z) ® log(z) + Lia(2) ® 1
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One-Loop Feynman Integrals

We work in dimensional regularisation in D = d — 2¢ dimensions.

The scalar one-loop n-point Feynman integrals are defined as

Loop momentum

D n
Jn = e'VEE/ d ]/€ 12
=D /2 2"
17 X — q; — 4
Pn P2 Linear combinations j /\
of external momenta

Masses

b3
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Examples

Tadpole integral (one-point): Bold: Massi
old: Massive

- dPk 1 Light: Massl
. N ¢ ght: Massless
@ = Ji(m") =€’ /mD/2 k2 — m2

Bubble integral (two-point):

€1 D
p 4 T 2 2 2 € d”k 1
= oy ) = [ -
> o in D72 (K2 = m3)((k = p)? = m3)
Triangle integral (three-point):
b2
2 dPl; 1
p1 T2 2 3 e
e p— pu—
) 3 J3(p1,p3,p3) =€ /Z'ﬂ.D/Q k2(k —p1)2(k — p1 — p2)?
1
p3
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Pinches and Master Integrals

First entries in coaction = pinches of original graph.

Pinch a propagator — Delete it and identify its endpoints.

Pinch b1 D1
—
b3 ps3
T
D2 D2

Related to master integrals: Basis elements of the topology defined by the graph.
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Cut Feynman Integrals

Second entries in coaction = cuts of original graph.

Feynman integral J, — Cut Feynman integral Codn
N Set of cut

propagators

D2
€2
P =
es C={e1,e2}
€1
b3

Cut propagators are replaced according to
1

. 2 2
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The Diagrammatic Coaction at One Loop

Rule for computing diagrammatic coaction of J,, (Abreu et al., 2017)

Each term: Choose a nonempty subset C' of propagators. 1
Second entry = Cut Feynman integral CoJ,,. _<>
2

First entry:
¢ |C| odd: First entry is the graph obtained by pinching the uncut edges.
€11 €1
0 —C >— 2= o
€9 1 €2

e |C| even: First entry is the graph obtained by pinching the uncut edges, plus
one-half times the sum of all graphs obtained by pinching an additional edge.

e1 1 1 e

Repeat for all possible nonempty subsets C' and take sum.
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The Massive Bubble Integral

Full diagrammatic coaction of the massive bubble integral:

A —<1> = —<61>+;+; ®<€li>

€2 €2 ' €2
€11 e
+ ®<}+ o=
€9 V€2

These diagrams can also be evaluated in terms of MPLs.

The diagrammatic coaction A agrees with the known coaction Appy,.
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Beyond One Loop

The diagrammatic coaction on one-loop integrals is well-understood.

It has yet to be fully generalised to higher-loop integrals.

Difficulties that arise beyond one loop: (Abreu et al., 2021)

® There may be more than one master integral with the same set of
propagators.

® There may be several independent cut integrals which share the same set of
on-shell propagators.
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Example: The Two-Loop Three-Point Ladder

In four dimensions:

Tw(pi,p3,p3) = i(p})” a9 @ 7),
where

F(z,z) = 6[Lis(z) — Lis(2)]—3log(z2) [Liz(z) — Li3(2)]+% log?(2%) [Lia(2) — Lis(2)] .
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Coaction on the Two-Loop Three-Point Ladder

AnpL[F(2,2)] = F(2,2) @ 1 +1® F(z, %)
+log(2Z) ® [~3Liz(2) + 3L13( 7) + log(zz)(ng( ) — Liy(2))]
+log((1 - 2)(1-2) ® 5 logzlogzlog z
+ [Lis(z) — Lig(2) + log(1 — 2) log(22)] ® = (log® z — 2log zlog %)
+ [Liz(2) — Lig(2) — log(1 — 2) log(22)] ® = (log® z — 2log zlog 2)
4 %logQ(zé) @ (Lis(2) — Lis(2))

+ [3Lis(2) + 3Lis(2) — log(22)(Lia(2) — Lis(2))] ® log g

l\D\l—‘M\H

— %log(zé) [2Li2(2) + log(1 — 2) log(22)] ® log 2
+ %log(zz) [2Li2(2) + log(1l — 2) log(22)] ® log z
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Reduction to Master Integrals

Using the C++ version of FIRE (Feynman Integral REduction): (Smirnov and
Chukharev, 2020)

P1 P1 DP3 b2
IR 1 1
p3 Cpile ps € P2 € M
p2 D2 D1 D3
D1 D2 P
(1 —2¢)
€ p3
b3 b2 P p3 D2

> = Squared propagator
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Conclusion

In summary:

® For one-loop integrals, there is a well-understood diagrammatic form of the

coaction.
€2 2
1
A €3 = + .
€1 3
Feynman graph Pinched graph Cut graph

® The next step in the study of the diagrammatic coaction is to generalise it to
multi-loop integrals.
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Other Examples

Diagrammatic coaction of the tadpole integral:

[0]-0-0

Diagrammatic coaction of the triangle integral:

() 2
Al 4 €3
€1 3
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